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Abstract
In this paper we study a 3-dimensional filtration of real gases described by Redlich-Kwong equa-
tions of state. Thermodynamical states are considered as Legendrian (Lagrangian) submanifolds in
contact (symplectic) space. Connection between singularities of their projection on the space of inten-
sive variables and phase transitions is shown. Explicit formulae for the Dirichlet boundary problem
are given and the distribution of phases in space is shown.
1 Introduction
In this paper we study phase transitions in gas flows governed by nonlinear partial differential equa-
tions. The first results in this field were obtained in [1] applying methods developed in [2]. Here, we
consider a 3-dimensional steady adiabatic filtration in porous media. The first results in this area
were obtained in [3, 4]. They proposed to use the Darcy law instead of Navier-Stokes equations for
this case. Filtration of ideal gases is considered in [5]. Filtration processes in gases described by van
der Waals and Peng-Robinson equations of state are studied in [6].
Since the development of filtration processes takes a long time, we consider a steady filtration.
This condition not only simplifies the mathematical model, but is also reasonable from the practical
point of view.
The paper is organized as follows. First of all, we define thermodynamical states as Legendrian or
Lagrangian manifolds in contact or symplectic space respectively (this description was first proposed
in [7]). We mention (see [2] for details) that these manifolds are naturally equipped with differen-
tial quadratic form, which defines the applicable domains corresponding to different phases. The
projections of submanifolds where this form changes its type are the curves separating the domains
of applicability of our model, so-called spinodal curves. By means of the Massieu-Plank potential
we provide the equations of coexistence curves, i.e the curves where phase transition occurs. These
methods are applied to one of the most popular gases in petroleum industry — Redlich-Kwong gases.
Particularly, we find the caloric equation for them and explain how to get coexistence curves for such
gases.
The second part is devoted to filtration problem of real gases (see also [6]). We give explicit
formulae for the Dirichlet boundary problems and discuss the case of point sources in detail. To
illustrate these results we suppose that the medium is described by Redlich-Kwong model. For
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different numbers of point sources located on a plane we show how thermodynamical properties of
such gases emerge along filtration process. Namely, we define the domains in space corresponding to
different phases of Redlich-Kwong gases.
2 Thermodynamical state
In this section we briefly remind how ideas of contact and symplectic geometry [8] can be applied in
thermodynamics. More detailed description could be found in [1, 2, 6].
First of all, thermodynamical states of gases are 2-dimensional Legendrian manifolds L̂ in contact
space (R5, θ) equipped with coordinates (σ, p, T, v, e) standing for the specific entropy, the pressure,
the temperature, the specific volume and the specific energy respectively, and structure form
θ = dσ − T−1de− T−1pdv,
i.e. θ|L̂ = 0. The projection pi : R5 → R4, pi(σ, p, T, v, e) = (p, T, v, e) restricted on L̂ gives an
immersed Lagrangian manifold L in symplectic space (R4,Ω) with structure form
Ω = −dθ = d(T−1) ∧ de+ d(pT−1) ∧ dv,
i.e. Ω|L = 0.
Any Lagrangian surface L ⊂ R4 is defined by the two equations of state
L = {f(p, T, v, e) = 0, g(p, T, v, e) = 0} ,
and the condition for L to be Lagrangian may be expressed as follows:
[f, g] = 0 on L,
where [f, g] is the Poisson bracket with respect to structure form Ω:
[f, g] Ω ∧ Ω = df ∧ dg ∧ Ω.
In thermodynamics the equations of state are usually of the form
f(p, T, v, e) = p− A(v, T ), g(p, T, v, e) = e−B(v, T ).
and the following theorem is valid [6]:
Theorem 1 The Lagrangian manifold L for real gases is completely defined by Massieu-Plank po-
tential φ(v, T ):
p = RTφv, e = RT
2φT . (1)
The specific entropy σ and the specific Gibbs potential γ have the following form:
σ = R(φ+ TφT ), γ = RT (vφv − φ), (2)
where R is the universal gas constant.
The Lagrangian manifold L is also equipped with the differential quadratic form κ [2]:
κ = d(T−1) · de+ d(pT−1) · dv.
The set of points on L where κ is negative corresponds to applicable states. We call such points
admissible. In terms of Massieu-Plank potential we get
R−1κ = −(φTT + 2T−1φT )dT · dT + φvvdv · dv,
and the following theorem is valid:
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Theorem 2 The domain of applicable states on the plane (v, T ) is given by inequalities
φvv < 0, φTT + 2T
−1φT > 0.
Note that due to state equations
eT = RT (TφTT + 2φT ), pv = RTφvv.
Therefore, the domain of applicable states is given by inequalities
eT > 0, pv < 0.
Consider a submanifold Σ ⊂ L, which consists of the points, where differential form dp ∧ dT has
zeros, i.e.
Σ = {φvv = 0} .
In this case the projection of the surface L on the plane (p, T ) has singularities at Σ, applicable states
are separated by Σ from the set of points where φvv ≥ 0 and a thermodynamical system does not
exist. A jump from one admissible point a1 = (p, T, v1, e1) ∈ L into another a2 = (p, T, v2, e2) ∈ L
governed by intensive variables (p, T ) and specific Gibbs free energy γ conservation law γ(a1) = γ(a2)
is exactly what we call phase transition. Points a1 and a2 we call phase equivalent.
Phase equivalent points (v1, T ) and (v2, T ) could be found due to (1) and (2). We get
φv (v2, T ) = φv (v1, T ) ,
φ (v2, T )− v2φv (v2, T ) = φ (v1, T )− v1φv (v1, T ) .
(3)
Equations (3) allow to construct a coexistence curve in coordinates (v1, v2) or, eliminating v1 and
substituting v instead of v2, in coordinates (v, T ).
Using equivalent equations
φv (v2, T ) =
p
RT
, φv (v1, T ) =
p
RT
,
φ (v2, T )− v2φv (v2, T ) = φ (v1, T )− v1φv (v1, T ) ,
(4)
it is possible to get a coexistence curve in R3(p, v, T ) and its projection on the plane (p, T ).
It is worth to say that both forms (3) and (4) are essential for us, because they allow us to get
coexistence curves in different coordinates and provide information about thermodynamical quantities
on phase transition.
3 Redlich-Kwong gases
Redlich-Kwong equation of state was proposed by O. Redlich and J.S.N. Kwong in [9]. This is a
two-parameter equation of state and it appeared to give adequate results in description of non-polar
hydrocarbons. That is why this equation is of wide use in petroleum industry.
The first state equation for Redlich-Kwong gases has the following form:
f(p, T, v, e) = p− RT
v − b +
a√
Tv(v + b)
,
where a and b are constants depending on the gas.
To find the second equation g(p, T, v, e) = 0 we assume that g(p,T, v, e) = e − β(v, T ) and take
the Poisson bracket [f, g] with respect to structure form Ω. The restriction of this bracket on L has
to be equal to zero, and we get an equation for function β(v, T ):
3a − 2v
√
T (v + b)βv = 0.
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It’s solution is
β(v, T ) = F (T ) +
3a
2b
√
T
ln
(
v
v + b
)
.
Since in case of a = 0, b = 0 we get ideal gas, we have to define F (T ) = nRT/2, where n stands for
the degree of freedom.
The specific entropy for Redlich-Kwong gases is
σ(v, T ) =
Rn
2
lnT +R ln(v − b) + a
2bT 3/2
ln
(
v
v + b
)
.
Thus, the Legendrian manifold L̂ for Redlich-Kwong gases is determined completely.
Let’s introduce the following scale contact transformation:
p 7→
(
Ra2
b5
)1/3
p, T 7→
( a
Rb
)2/3
T, v 7→ bv, e 7→
(
Ra2
b2
)1/3
e, σ 7→ Rσ.
Then the state equations for Redlich-Kwong gases take the following form in new coordinates,
which we continue denoting by p, T, v, e:
p =
T
v − 1 −
1√
Tv(v + 1)
, e =
nT
2
+
3
2
√
T
ln
(
v
v + 1
)
.
Note that because of positivity of p and T only v > 1 have a physical meaning.
The specific entropy and the Massieu-Plank potential are of the form:
σ(v, T ) =
n
2
lnT + ln(v − 1) + 1
2T 3/2
ln
(
v
v + 1
)
, (5)
φ(v, T ) =
n
2
lnT + ln(v − 1) − 1
T 3/2
ln
(
v
v + 1
)
, (6)
and the differential quadratic form κ has the following structure on L:
κR−1 = −
(
n
2T 2
+
3
4T 7/2
ln(1 + v−1)
)
dT · dT
− v
2(v + 1)2T 3/2 − 2v3 + 3v2 − 1
T 3/2(v + 1)2v2(v − 1)2 dv · dv.
Note, that comparing with van der Waals gases and Peng-Robinson gases (see[1, 6]) component
κ11 depends on the specific volume. But since v > 1, κ11 < 0 at any point on the Lagrangian surface,
which means that the projection of L on the space of extensive variables (e, v) has no singularities
[2]. But because of sign changing of κ22 the projection of L on the plane (p, T ) has singularities. The
corresponding spinodal is shown in figure 1.
3.1 Coexistence curves
As we have shown, the coexistence curve for Redlich-Kwong gases can be obtained by means of
Massieu-Plank potential. Eliminating T from equations (3) we get a coexistence curve in R2(v1, v2)
(see figure 2), which shows the specific volumes of phase transition.
By means of (4) and the equations of state, we can get coexistence curves in different coordi-
nates, eliminating corresponding thermodynamical variables. In coordinates (p, T ) and (T, v) they
are presented in figures 3(a) and 3(b) respectively. However, it is quite complicated to obtain explicit
formulae, for example, for p as function of T . For this reason we construct such curves numerically.
These curves can be lifted into the space R3(p, v, T ), which is shown in figure 4.
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Figure 1: Spinodal for Redlich-Kwong gases. The domain above the curve corresponds to applicable
states.
Figure 2: Coexistence curve for Redlich-Kwong gases.
4 Steady adiabatic filtration of real gases
4.1 Equations for isotropic filtration
Steady filtration of gases in 3-dimensional homogeneous isotropic porous media is described by the
following system of differential equations [3, 4, 10]:
div(ρu) = 0,
u = − k
µ
∇p,
(u,∇σ) = 0,
(7)
where u(x) is the vector field of filtration rate, p(x) is the pressure, ρ(x) = v−1(x) is the density,
σ(x) is the specific entropy, x = (x1, x2, x3) ∈ D ⊂ R3, k is the permeability coefficient depending on
5
(a) (b)
Figure 3: Coexistence curves for Redlich-Kwong gases: (a) in R2(p, T ), liquid phase is on the left of the
curve, gas phase is on the right; (b) in R2(v, T ), inside the curve — intermediate state (condensation
process).
Figure 4: Coexistence curve for Redlich-Kwong gases in R3(p, v, T ) .
medium, µ is the dynamic viscosity. The first equation in (7) corresponds to the mass conservation
law, the second one is the Darcy law and the third equation is the condition of the specific entropy
constancy along the trajectories of u.
Condition (u,∇σ) = 0 in case of sources leads to the constancy of the specific entropy in neigh-
borhoods of the sources. Consider a domain D ⊂ R3 with sources {ai}. The domain D can be
presented as a union of domains Dk, such that sources in Dk have the same entropy. Filtrations
in Dk are independent. For this reason we restrict our consideration on the case of domains with
constant specific entropy σ = σ0.
Assume that fixed level of the specific entropy is given. Then all the thermodynamical values can
be expressed as functions of the specific volume v. Indeed, using equations of state we get Massieu-
Plank potential φ as function of temperature T and specific volume v and due to (2) we have the
6
following equation:
φ+ TφT = σ0, (8)
which defines T (v). There exists a solution T (v) of (8), because the derivative of left hand side with
respect to T is positive in applicable domain. Using equation of state we get p(v). Define a function
Q(v, σ0) in the following way:
Q(v, σ0) = −
∫
k
vµ
p′(v)dv.
Theorem 3 Basic equations (7) of adiabatic filtration are equivalent to equation
∆(Q(v, σ0)) = 0, (9)
where ∆ is the Laplace operator.
Proof. Indeed,
0 = div(v−1u) = −div
(
k
µv
∑
i
pxi
∂
∂xi
)
=
= div
(∑
i
−k p
′(v)
µv
∂v
∂xi
∂
∂xi
)
= div
(∑
i
Qxi
∂
∂xi
)
= ∆Q.
Thus, due to above theorem we have solutions for v and T as functions in D. Substituting them
to equations defining coexistence curves, we get domains in D where phase transitions occur.
4.2 Dirichlet problem
Here, we describe the method of finding solutions in case of point sources [6]. Due to (9) we should
take a harmonic in a domain D function u(x) and the relation
u(x) = Q(v, σ0)
defines in general multivalued function v(x), satisfying equations (7).
Consider an open and connected domain D ⊂ R3 with a smooth boundary ∂D and let A ={
ai, i = 1, N
} ⊂ D be a set of points where the sources with given intensities Ji are located. We are
looking for the solution v of Dirichlet problem of basic equations in domain D \A:
∆(Q(v)) = 0, v|∂D = v0.
In this case we should take a harmonic in D \A function u(x) of the form
u =
N∑
i=1
Ji
4pi|x− ai| + u0,
where u0 is a harmonic in D function with boundary conditions:
u0|∂D = Q(v0)−
(
N∑
i=1
Ji
4pi|x− ai|
)∣∣∣∣∣
∂D
.
Taking Q−1(u) we get in general multivalued solution v(x) of the Dirichlet boundary problem.
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4.3 Redlich-Kwong gases filtration
Here, we consider adiabatic filtration of Redlich-Kwong gases in case of a number of sources. The
coefficients k and µ are assumed to be constants.
From above saying follows that to construct a single-valued solution we need the invertibility
conditions of function Q(v, σ0), or, in other words, find the conditions when function Q(v, σ0) is
monotonic. We consider σ0 as a parameter. This problem can be reformulated as follows. We need
to find a specific entropy level σ0, such that Qv(v, σ0) 6= 0 if v > 1. Since the conditions Qv(v, σ0) = 0
and pv(v, σ0) = 0 are equivalent, we need an explicit expression p(v, σ0).
Note that the following relation holds due to (5):
σ0 =
n
2
lnT + ln(v − 1) + 1
2T 3/2
ln
(
v
v + 1
)
. (10)
We cannot write an explicit formula T = T (v, σ0) and p = p(v, σ0) as well. However, we can estimate
asymptotic behavior for T (v, σ0), p(v, σ0) and Q(v, σ0) for n = 3.
Theorem 4 If v → +∞ then asymptotics for T (v, σ0), p(v, σ0) and Q(v, σ0) have the following form:
T (v, σ0) =
1
(B∗v)2/3
+O
(
1
v5/3
)
, p(v, σ0) =
c
v5/3
+O
(
1
v8/3
)
,
Q(v, σ0) = − 5kc
8µv8/3
+O
(
1
v11/3
)
,
where B∗ is the root of the equation
−σ0 = B/2 + lnB,
and
c = (B∗)
−2/3 − (B∗)1/3 .
Theorem 5 If v → 1 then asymptotics for T (v, σ0), p(v, σ0) and Q(v, σ0) have the following form:
T (v, σ0) =
B2/3
(v − 1)2/3 +O
(
(v − 1)1/3
)
, p(v, σ0) =
B2/3
(v − 1)5/3 +O
(
1
(v − 1)2/3
)
,
Q(v, σ0) = − kB
2/3
µ(v − 1)5/3 +O
(
1
(v − 1)2/3
)
,
where B = eσ0 .
Note that due to equations of state p = p(T, v) and
dp
dv
=
∂p
∂v
+
∂p
∂T
dT
dv
. (11)
We can find T ′(v) by means of (10) and substitute it in (11). Since p′(v) = 0, we get an expression
G(T, v) = 0,
which defines the relation between temperature T and specific volume v when Qv = 0. This expression
is too large to write it in this paper, but it can be resolved with respect to T explicitly. The root
T (v) we substitute in (10) and get an equation
σ0 = H(v).
If for any v > 1 the above equation has a solution, function Q(v) is irreversible and we have a
number of possibilities in filtration development. Otherwise, thermodynamical properties are uniquely
determined.
For n = 3 the graph of function H(v) is presented in figure 5. As we can see, it has a limit when
v →∞, which can be computed numerically and it equals σ∗ = −0.5. So, if σ0 > σ∗, function Q(v)
is invertible.
Suppose that we have a number of sources with different intensities located on the plane x3 = 0.
The distribution of phases in space for this case is shown in figure 6.
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Figure 5: Graph of function H(v).
(a) (b)
Figure 6: The distribution of phases in space for Redlich-Kwong gases: (a) in case of N = 4 sources; (b)
in case of N = 5 sources. Black points are the sources, white domain corresponds to gas phase, coloured
domain is the condensation process.
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